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Tunneling in heavy-fermion junctions
Maxim Dzero∗
Department of Physics, Kent State University
Kent, OH 44240, U.S.A.
In this paper I review recent theoretical and experimental advances in understanding of tunneling processes between
normal metals and metals containing electrons which occupy partially filled f -orbitals. In heavy-fermion materials the
effective mass of the quasiparticles far exceeds the bare electron mass due to strong hybridization between conduction
and f -orbital states. Kondo lattices form a class of heavy-fermion systems in which an average occupation number of
f -electron states is close to an integer. Therefore, the tunneling into a Kondo lattice necessarily involves co-tunneling
process of a tip electron into an f -electron state of a Kondo lattice. This co-tunneling process is manifested in the
Fano-lineshape of differential conductance as a function of an applied voltage, which has been routinely observed in
recent experiments on various Kondo lattice systems. To illustrate these ideas, I discuss the problem of the tunneling
junction when the single particle states in the tip are also a product of hybridization between conduction and f -states,
i.e. tunneling between two heavy-fermion materials.
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1. Tunneling into a Kondo lattice: overview
In complex materials with atoms containing unfilled f -
orbitals, interaction between the conduction and f -electrons
leads to the development of a novel electronic states of mat-
ter at very low-temperatures. One specific feature of these
states is the large effective mass of the electronic excitations.
A phenomenologically theory for the emergence of the heavy
fermions has been proposed by Coqblin and Blandin1 and Sir
Neville Mott:2 strong hybridization between conduction and
f -electrons produces two bands separated by the hybridiza-
tion gap, so that renormalized position of the chemical poten-
tials crosses the lower band where the Fermi velocity is signif-
icantly reduced implying large effective mass of the electronic
excitations. While this picture can also successfully account
for the metal-insulator transition in a number of f -electron
systems with mixed-valence of the f -ion - SmB6 and YbB12
being the two canonical f -orbital semiconductors - the emer-
gence of the coherent band of heavy electrons in both mixed
valence and Kondo lattice systems still remained not well un-
derstood.3
Experimentally, one of the main challenges in probing
the emergence of the heavy quasiparticles is in the lack
of high resolution spectroscopic measurements. Remarkably,
this challenge has been overcome in scanning tunneling mi-
croscopy measurements4–8 as well as in the point contact
spectroscopy.9, 10, 14 Recent tunneling experiments have been
convincingly able to trace the formation of the heavy quasi-
particles. What is more, momentum and energy resolved tun-
neling spectra visualized not only the formation of the heavy
quasiparticles, but also the formation of unconventional su-
perconductivity in a prototypical Kondo lattice heavy-fermion
superconductor CeCoIn5.4, 7 Formation of the heavy-particles
has also been successfully resolved in more itinerant systems,
such as ’hidden order’ compound URu2Si25 and in a best can-
didate for correlated topological insulator SmB6.8
Asymmetric or Fano lineshape of the differential tunnel-
ing conductance is the basic feature observed in tunneling ex-
∗E-mail address: mdzero@kent.edu
periments into Kondo lattice systems. The origin of the Fano
lineshape has been explained in a number of recent theoretical
papers.11–14 The basic idea for the understanding of the tun-
neling into a Kondo lattice originates from the earlier models
developed by Appelbaum15 and Anderson16 of the tunneling
in metal-insulator-metal (M-I-M) junctions with an insulating
layer containing small concentration of magnetic impurities.
As they have shown, the tunneling between two metals nec-
essarily involves a process of co-tunneling: an electron from
one metal can tunnel directly to another metal, but can also
tunnel through a state on impurity by flipping its spin. Sim-
ilarly, a tunneling process between the normal metal tip into
a Kondo lattice, electron from a tip tunnels into a conduction
orbitals as well as into a composite fermion state created by a
strong hybridization between conduction and f -electrons of a
Kondo lattice.11
Interestingly, the observation of the Fano lineshape can ac-
tually be used as a fingerprint of strong hybridization between
conduction and f -electrons even in heavy-fermion systems
where Kondo screening competes with an onset of antiferro-
magnetic order as in CeAuSb2, for example.17 It is important
to note, however, that the Fano lineshape of the tunneling con-
ductance appears only for the case when the f -electron level
acquires a finite lifetime.13 Within the currently used mean-
field theory approaches18–22 finite lifetime of the f -level can
either be introduced on the phenomenological level or derived
by taking into account the fluctuation corrections to the mean-
field theory.22 In this paper, I will review these ideas by using
the junction between the two heavy fermion metals as an ex-
ample. I will derive an approximate tunneling Hamiltonian
and by resorting to the mean-field approximation I calculate
the differential tunneling conductance and discuss the various
limiting cases.
I have organized this paper as follows. In the next Section I
will discuss the problem of tunneling between a tip and a host
both of which contain states with partially filled f -orbitals. In
deriving the effective tunneling hamiltonian for that problem I
will review the main ideas which went into recently developed
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theories of tunneling into Kondo lattice systems.11–13 In Sec-
tion III I will discuss the open questions as well as possible
directions for future research on tunneling involving Kondo
lattice materials.
2. Tunneling between the two Kondo lattices
In this Section we discuss the features in differential con-
ductance which would appear in the experiment involving the
tunneling contact between the two heavy-fermion metals. At
first sight it may seem that as soon as electron leaves a heavy-
fermion tip it looses all its mass. In what follows I first show
that the quasiparticle coherence factors are sufficiently long
ranged and a quasiparticle from a tip retains its heavy mass as
it reaches the Kondo lattice. Then I proceed with the deriva-
tion of the effective tunneling Hamiltonian within the mean-
field approximation and obtain analytic expression for the dif-
ferential conductance. At the end of this Section I also discuss
the effects of the fluctuations beyond the mean-field theory on
the tunneling conductance.
2.1 general discussion
In a heavy-fermion metal single particle states |iσ〉 =
pˆ†iσ|0〉 in the tip are formed by the superposition of the con-
duction and localized f -states. Within the mean-field theory
approximation controlled by the parameter 1/N where N
is given by the degeneracy of the f -orbital multiplet, it fol-
lows:18–24
pˆiσ =
∑
l
(
uil
ˆ˜
flσ + vildˆlσ
)
. (1)
Here dˆlσ,
ˆ˜
flσ are an annihilation operators for conduction and
f -electrons on a site l in the tip and uil, vil are heavy-fermion
coherence factors:[
u(~rij)
v(~rij)
]
=
∑
k
(
uk
vk
)
e−i~k·~rij , ~rij = ~ri − ~rj . (2)
Consequently, the momentum dependence of the coherence
factors is determined by the spectrum of the conduction elec-
trons k, f -electron single particle energy f and hybridiza-
tion between them Vl. In the simplest tight-binding approxi-
mation the spectrum of the conduction electrons is given by
k = −2tc
∑
i=x,y,z
cos ki − µ where tc is the hopping ampli-
tude and µ is the chemical potential. The expressions for the
coherence factors are
u2k =
1
2
(
1 +
k − f
Rk
)
, v2k =
1
2
(
1− k − f
Rk
)
,
Rk =
√
(k − f )2 + 4V 2l .
(3)
The heavy-electron, when it tunnels from a tip into a Kondo
lattice, will retain its heavy effective mass due to the relatively
slow decay of the coherence factors with distance. From the
analysis of the momentum integrals (3) it is clear that both
u(~rij) and v(~rij) will decay as ∼ 1/rnij since functions uk
and vk are analytic functions of momentum.The values of
µ, f and Vl can be found by employing slave boson mean-
field theory.18 In order to compute the spacial dependence
of the coherence factors, I have solved the mean-field equa-
tions24 assuming that f -orbital multiplet is sixfold degenerate
(N = 6). The results of the calculation are shown on Fig.
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Fig. 1. (Color online) Spacial dependence of the heavy-fermion coherence
factors u(~rij) and v(~rij) as a function of distance between two sites, ~rij =
~ri − ~rj , in the units of lattice spacing a. When the heavy-electron leaves
the tip and the distance between the tip and surface is about several lattice
spacings it is clear that the heavy-electron will retain its composite nature.
1. As one can see, the coherence factors extend on the dis-
tances of the order of several lattice spacings. Thus, for suf-
ficiently small separation between a tip and a host, there is
a finite probability for the composite fermion excitations to
tunnel.
2.2 approximate tunneling Hamiltonian
To discuss the tunneling between two heavy-fermion met-
als, I consider the following model Hamiltonian:
Hˆ = Hˆ
(1)
AL + Hˆ
(2)
AL + Hˆt. (4)
Here Hˆ(a)AL describe the electrons in the tip (a = 1) and in the
host (a = 2) correspondingly. We choose them to have the
following form of the Anderson lattice model Hˆ(a)AL = Hˆ
(a)
0 +
Hˆ
(a)
V :
Hˆ
(a)
0 =
∑
kσ
ξakdˆ
†
akσdˆakσ +
∑
kσ
εfafˆ
†
akσ fˆakσ
+
Uf
2
∑
i
fˆ†ai↑fˆai↑fˆ
†
ai↓fˆai↓,
Hˆ
(a)
V = Va
∑
kσ
(
dˆ†akσ fˆakσ + h.c.
) (5)
where the first term in Hˆ0 describes conduction electrons and
the remaining two terms describe the f -electrons, while HˆV
accounts for the hybridization between conduction and f -
electrons. Few comments are in order. To simplify our sub-
sequent discussion here I consider the Kramers doublets for
the ground state of the f -electrons and label them the same
way as the spin state of the conduction electrons, σ =↑, ↓. In
(5) we have also ignored that fact that conduction electrons
orbitals usually have l = 0, 1, 2 orbital number, which makes
the hybridization matrix element with f -electrons (l = 3)
nonlocal. Lastly, the third term in (5) accounts for the tunnel-
ing events. In accord with our general discussion above, the
non-local form of the coherence factors allows for the tunnel-
2
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Fig. 2. (Color online) Two types of tunneling junctions. Panel (a): point
contact spectroscopy (PCS) junction. The tunneling matrix elements in this
case are diagonal and are non-zero for a single site on a tip and a host. Panel
(b): scanning tunneling microscope (STM) junction: tunneling matrix ele-
ment changes depending on the position of a site in the host, Eq. (7).
ing events not only between the conduction orbitals, but also
between the f -orbitals. Hence, the most general form of the
tunneling Hamiltonian is:
Hˆt =
∑
ij
(
dˆ†1iσTdd(i, j)dˆ2jσ + h.c.
)
+
∑
ij
(
ψˆ†1i
[
0 Tdf (i, j)
Tfd(i, j) Tff (i, j)
]
ψˆ2j + h.c.
)
≡
≡ Hˆtun + Hˆco−tun,
(6)
where ψˆ†ai =
(
dˆ†aj , fˆ
†
aj
)
and we have omitted the spin index
for brevity. We also need to keep in mind that the tunneling
amplitude Tff between the f -orbitals is much smaller than
the rest of the tunneling matrix elements and will be ignored.
In what follows we consider the simplest case, when the tun-
neling matrix elements are diagonal in site indices,25Fig. 2:
Tαβ(i, j) = Tαβδi,0δj,0, α, β = d, f. (7)
For the case of a junction between two Kondo lattices -
the main subject of this Section - the Hubbard repulsion be-
tween the f -electrons (5) is the largest energy scale of the
problem. When both |εfa| and εfa + Uf are much larger
than the conduction electrons density of states ρF times the
square of the hybridization amplitude, |εfa|, εfa + Uf 
max[ρF |V |2, ρF |tαβ |2], the doubly occupied states on f -sites
can be integrated out by means of the Schrieffer and Wolff
transformation.26 Specifically, the effective tunneling Hamil-
tonian can be obtained by the unitary transformation ˆ˜H =
eSˆHˆe−Sˆ = Hˆ0 + Hˆeff and the anti-hermitian operator Sˆ
must be determined from[
Sˆ, Hˆ(1)0 + Hˆ(2)0
]
= −Hˆ(1)V − Hˆ(2)V − Hˆco−tun. (8)
We note, that Sˆ, Eq. (8), will depend on hybridization ampli-
tudes in the tip and the host Anderson lattices as well as the
tunneling amplitudes between the conduction electron in the
tip and an f -electron in the host and visa versa. As a result of
this transformation, we obtain an effective Hamiltonian Hˆeff
by retaining terms up to the second order in V and/or tαβ .
Naturally, Hˆeff will be given by the sum of the Kondo lattice
Hamiltonians for both the tip and the host electrons:
Hˆ
(a)
KL ≈
∑
kσ
ξakdˆ
†
akσdˆakσ
+ J
(a)
K
∑
i;αβ
dˆ†aiα
(
~Sai · ~σαβ
)
dˆaiβ
(9)
and the effective tunneling Hamiltonian which we write down
as a sum of the two terms Hˆtun = Hˆ
(d)
tun + Hˆ
(f)
tun, where:
Hˆ
(d)
tun =
∑
iσ
{
tddˆ
†
1iσdˆ2iσ + t
∗
ddˆ
†
2iσdˆ1iσ
}
δi,0 (10)
with td = Tdd describes the tunneling between the conduction
states in the tip and the conduction states in the host. Conse-
quently, the second term in the tunneling Hamiltonian
H
(f)
tun =
J12∑
iσα
tip→host co−tunneling︷ ︸︸ ︷
dˆ†1iσ
(
~S1i · ~σσα
)
dˆ2iα
+J21
host→tip co−tunneling︷ ︸︸ ︷
dˆ†1iσ
(
~S2i · ~σσα
)
dˆ2iα
 δi,0 + h.c.,
(11)
where ~Sai = 12 fˆ
†
aiα~σαβ fˆaiβ are local moments in a tip and a
host, J12 and J21 are corresponding exchange coupling con-
stants proportional to the tunneling matrix elements tdf . A
crucial difference with the models considered earlier11–13 is
the presence of the co-tunneling terms proportional to J21,
which account for the tunneling of the composite electrons in
the tip into conduction electron orbitals of the host. Before
we proceed with the calculation of the tunneling current, we
note that in deriving an effective Hamiltonian we have ignored
the tunneling events between the predominantly localized f -
electrons as well as other terms generated by the Schrieffer-
Wolf transformation, which in principle could affect the tun-
neling current. However, it is known that these terms can be
safely ignored in the problem of the tunneling from normal
metal into a Kondo lattice11 since the model Hamiltonian
Hˆeff with J21 = 0, Eqs. (10,11), provides more than ade-
quate description of the available experimental data.4–8 At the
same time, for the analysis of tunneling experiments into a su-
perconducting Kondo lattice7 these terms may actually be im-
portant, especially for probing unconventional Cooper pairing
mechanisms.
2.3 tunneling current
The tunneling current is defined by the rate of change in the
number of conduction electrons in a tip, I(V ) = |e|〈 ˙ˆNtip〉
with Nˆtip =
∑
iσ
dˆ†1iσdˆ1iσ and averaging is performed in
the grand canonical ensemble with full Hamiltonian Hˆeff .
Clearly, the nonzero value for the current is furnished by the
presence of the tunneling terms (10,11) in the Hamiltonian.
Moreover, the substantial progress can be made by adopt-
ing the large-N limit approximation for the Kondo lattice.3
Within this approximation, the composite fermion operators
entering into the expression for tunneling current can be ex-
3
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pressed as a single fermionic operator according to:11∑
β
(
~S1i · ~σαβ
)
dˆ1iβ → t˜f
J21
fˆ1iα,
∑
β
(
~S2i · ~σαβ
)
dˆ2iβ → tf
J12
fˆ2iα.
(12)
In what follows, without loss of generality we take tf ≈ t˜f .
The rest of the calculation employs the standard methods25
and we will not provide the details here. The resulting expres-
sion for the current reads:
I(V ) = Itun(V ) + δI(V ),
Itun(V ) =
2pie
~
∞∫
−∞
dω[nF (ω − eV )− nF (ω)]
×
∑
α=1,2
Πα,β 6=α(ω − eV, ω),
δI(V ) =
2pie
~
∞∫
−∞
dω[nF (ω − eV )− nF (ω)]
× δΠ(ω − eV, ω),
(13)
Here functions Πα,β and δΠ are defined as follows:
Πα,β(ω, ω
′) = ραc(ω)
[
t2cρβc(ω
′) + 2tf tcρβm(ω′)
+t2fρβf (ω
′)
]
,
δΠ(ω, ω′) = 2t2fρ1m(ω)ρ2m(ω
′)− t2cρ1c(ω)ρ2c(ω′).
(14)
with ραa(ω), (α = 1, 2; a = c, f,m) being determined by
the single particle propagators of the corresponding Kondo
lattices. Within the mean-field approximation we have:
ρac(ω) = − 1
pi
Im
∑
k
1
ω+ − ξαk − |Vα|2ω+−λα
,
ρaf (ω) = − 1
pi
Im
∑
k
1
ω+ − λα − |Vα|2ω+−ξαk
,
ρam(ω) = − 1
pi
Im
∑
k
Vα/(ω
+ − λα)
ω+ − ξαk − |Vα|2ω+−λα
(15)
where λα denotes renormalized position of the f -level and
we have assumed that ω+ = ω + iδ in Eqs. (15) is a complex
number with an infinitesimally small and positive imaginary
part.
The first term in the expression for the current (13) has
a simple physical interpretation: it describes the tunneling
events between the conduction orbitals of the tip (host) into
the conduction and composite fermion states of the host (tip).
When one neglects the finite width of the f -electron level, the
local density of states in the tip and the host has two peaks
as a function of frequency.11, 13 If we now include the cor-
rections due to the fluctuations of the mean-field amplitude,22
which are proportional to 1/N , where N is the degeneracy of
the f -level, the f -electron enegy acquires an imaginary part
which depends both on momentum and frequency. To sim-
plify our discussion, one can include the constant imaginary
part, i.e. replace λa → λa − iγ, where γ is of the order of
Kondo lattice coherence temperature. Consequently, each of
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Fig. 3. (Color online) Three contributions to the differential tunneling con-
ductance g(V ) = dI/dV = g12(V ) + g21(V ) + δg(V ), where I(V ) is
given by Eq. (13), together with g(V ) (in arbitrary units) are shown. Here
g12 is determined by the a = 1 term in the expression for Itun(V ) and
is governed by the tunneling and cotunneling processes between conduc-
tion orbitals of the tip and conduction and f -electron orbitals in the host.
Consequenctly, g21 is given by the a = 2 contribution to Itun(V ) and
describes the tunneling and cotunneling events between the conduction or-
bitals in the host and the conduction and f -electron orbitals in the tip. Lastly,
δg(V ) = dδI/dV is an interference term between the co-tunneling events.
All contributions to the differential tunneling conductance are plotted as a
function of voltage in the units of the
√
TK1TK2, where TK1,2 are the cor-
responding Kondo lattice coherence temperatures of the tip and the host.
the two terms (second equation in (13)) contributing to the
differential tunneling conductance gtun(V ) = dItun/dV has
an asymmetric shape as a function of voltage due to the co-
tunneling processes between the conduction and composite
fermion states.11–13 Therefore, we can approximately write
gtun(ε) ≈ ρF1 (q1Γ1 − ε− 1)
2
(ε+ 1)
2
+ Γ21
+ ρF2
(q2Γ2 + ε− 2)2
(− 2)2 + Γ22
.
(16)
Here qa, a and Γa ∼ 2T (a)K are corresponding parameters,
which determine the Fano lineshape, while ρFa denotes the
conduction band density of states in the tip (a = 1) and the
host (a = 2). Moreover, the direct calculation shows that the
second contribution δg(V ) = dδI/dV to the tunneling con-
ductance dI/dV (13) remains slightly asymmetric and does
not have a characteristic Fano lineshape, see Fig. 3(c). Thus,
we see that for the Kondo lattice materials with comparable
parameters, such as hybridization, f -level position and the co-
herence temperature, the tunneling conductance is drastically
different than the one for the tunneling involving normal and
heavy-fermion metals. Specifically, for the tunneling contact
involving identical Kondo lattice systems, the tunneling con-
ductance will have a symmetric form around zero bias.
3. Conclusions
In this paper, I have reviewed some of the recent theoret-
ical advances in the problem of tunneling between normal
and heavy-fermion or Kondo lattice systems. The main fea-
ture in the tunneling conductance between normal and Kondo
4
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lattice is the presence of the asymmetry well described by
the Fano lineshape. The origin of the asymmetry lies in the
tunneling processes of the uncorrelated electrons in the tip
into the composite fermionic states created by the strong hy-
bridization between the conduction and f -electron states in
the Kondo lattice. In a junction between the two Kondo lat-
tice the asymmetric features in the tunneling conductance are
greatly suppressed compared to the normal metal-Kondo lat-
tice junctions.
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